The geometric Spin Hall Effect of Light (geometric SHEL) amounts to a polarization-dependent positional shift when a light beam is observed from a reference frame tilted with respect to its direction of propagation. Motivated by this intriguing phenomenon, the energy density of the light beam is decomposed into its Cartesian components in the tilted reference frame. This illustrates the occurrence of the characteristic shift and the significance of the effective response function of the detector.
Introduction
It is well-known that a beam of light transmitted through or reflected from a dielectric interface undergoes a polarization-dependent shift of its spatial intensity distribution. The so-called Goos-Hänchen (GH) [1, 2] effect amounts to a longitudinal shift, i.e. a displacement in the plane of incidence, while the Imbert-Fedorov (IF) shift [3] can be observed transverse to this plane. These positional shifts are connected with angular counterparts [4, 5] . Both, the GH [6, 7, 8, 9, 10] and the IF shift [11, 12, 13, 14] have been verified experimentally in a number of configurations while also the theoretical understanding of those effects has advanced significantly [15, 16, 17] .
The IF shift is also known as the Spin Hall Effect of Light (SHEL) [18, 19, 20] due to its resemblance to the Spin Hall Effect in solid state physics. It amounts to a displacement of a circularly polarized beam perpendicular to the plane of incidence, where the direction depends on the beam's helicity or photon spin. Consequently, a linearly polarized beam will split into components of different helicity.
The geometric Spin Hall Effect of Light [21] is a novel phenomenon, which like SHEL amounts to a spin-dependent shift or split of the intensity distribution of an obliquely incident light beam. This effect depends significantly on the geometric properties of the detection system and, beyond the detection process, no light-matter interaction is required.
This article is structured as follows: In the following section the original geometric SHEL is reviewed and results not explicitly given in [21] are provided. In sections 3 and 4, we introduce a theoretical model for an arbitrarily oriented planar polarizing interface [22, 23] and provide a scheme for its experimental realization. Finally, we find that a light beam crossing a tilted polarizing interface undergoes a shift twice as large as the one found in the case of a tilted reference frame. Therefore, the methods presented in this article lead to a straightforward measurement of the geometric Spin Hall Effect of Light.
Geometric Shift in a Tilted Reference Frame
The geometric Spin Hall Effect of Light [21] occurs when a circularly polarized beam of light is observed in a plane not perpendicular to its direction of propagation. This effect amounts to a spatial shift of the intensity distribution with the intensity being defined as the flux of the Poynting vector through the detector plane. We stress that the geometric SHEL only depends on the geometry of the setup (Fig. 1) , the state of polarization and the effective response function of the detector.
Here we give explicit results for a fundamental Gaussian light beam traveling in direction ofk = sin(θ )x + cos(θ )ẑ detected in the plane (x,ŷ). The normalẑ to the detector surface and the propagation vectork ∦ẑ unambiguously define a plane of incidence. As shown by Aiello et al. [21] , the intensity barycenter or centroid of a circularly polarized beam is shifted in direction ofŷ perpendicular to the plane of incidence. This displacement is equal to
The superscript S indicates that the centroid was evaluated with respect to the Poynting vector flux while the subscript TD refers to a tilted detector. The shift depends on the helicity σ = ±1 (for left or right hand circular polarization) and is prominent at grazing incidence θ → 90 • where it amounts to a displacement larger than the wavelength λ . In [21] it was noted that the energy density (ED) distribution exhibits no such effect y TD ED = 0 , which underlines the dependence on the detector response. The apparent discrepancy can be understood by decomposing the electric field energy density
into terms depending on one Cartesian component of the electric field in the detector reference frame (x,ŷ,ẑ) only. u(r ⊥ ) is a distribution in the observation plane and r ⊥ = xx + yŷ is a two-dimensional position vector. This decomposition is depicted in Fig. 2 .
Analogously to (2), we decompose the barycenter y TD ED of the energy density as
where we define
as the relative weight of the field component |E l | 2 and
as the contribution of this component to the total shift. From a straightforward application of equations (4) and (5) to the electric field distribution E(r) of a circularly polarized Gaussian light beam one finds
and within the same approximation
is the angular divergence of the beam [24] . Substituting equations (6) and (7) into (3) we verify that the barycenter of a light beam's energy density
does not shift under rotation of the reference frame. This result underlines the scalar nature of the energy density. We remind the reader that the Poynting vector flux through the detector surface
whereẑ is the surface normal, is a distribution different from u(r ⊥ ) and exhibits a net shift
where ∆ x is given in (6a). This connects the geometric SHEL with the fundamental question about the local response of a position-sensitive detector. The definition of the Poynting vector flux as the intensity is motivated by Poynting's theorem. However, this choice is debatable as the theorem does not define the local Poynting vector unambiguously [25] and the definition given in equation (9) depends on the state of polarization. Contrarily, the response function of a real polarization-independent detector is more likely to be isotropic, i.e. to depend on u = |E x | 2 + |E y | 2 + |E z | 2 , and thus yield y TD ED = 0.
The shift ∆ x can be detected directly if a detection scheme is used where a plane of observation (x,ŷ) can be chosen arbitrarily and the effective response function depends on |E x | 2 but not on |E z | 2 . The polarization-dependent absorption in semiconductor quantum wells [26, 27, 28] or single molecules [29, 30] can in principle be used to build a suitable detector.
In the remaining part of this article we develop an alternative strategy to measure the characteristic shift caused by the geometric SHEL.
The Ideal Polarizer Model
The operation performed by a polarizing optical element is commonly only determined for normally incident beams which can be approximated as planar wave fronts. In this case the action of a polarizer is described as a projection within a plane perpendicular to the direction of propagation k = 1 |k| k. This simple model fails to describe the operation of a polarizing element when no such assumptions about the light field are made, as it is the case in this article where we deal with obliquely incident beams. To overcome this limitation, Fainman and Shamir (FS) have proposed a model describing an arbitrarily oriented ideal polarizer [22] . They introduce a three-dimensional complex-valued unit vectorP and describe the action of a polarizer as follows: The electric field vector E(k) of each plane wave of the incident beam's angular spectrum is projected ontoê P , a unit vector perpendicular to k:
The model is constructed such that the operation is idempotent and does not change k (Fig. 3a) . A remarkable characteristic of the FS polarizer is that rotation (aroundŷ) has no effect on a single plane wave ifP is parallel or perpendicular toŷ. Hence, an ideal polarizing element cannot be used to cause an imbalance between the weights w x and w z of the electric field component parallel and perpendicular to the polarizer surface.
However, as we will show in section 5, the rotation gives rise to an effect on bounded beams similar to the geometric SHEL in a tilted reference frame. In the following section we will propose an experimental realization of an arbitrarily oriented polarizing interface.
Experimental realization of a universal polarizing interface
We propose a scheme using only off-the-shelf optical components to study the interaction of a light beam with a polarizing element in any geometry (Fig. 3b) . For this purpose we model a real polarizer as a composite device consisting of an infinitely thin polarizing interface sandwiched between dielectric plates with a refractive index n > 1. Since commercial thin film polarizers are typically protected from the environment by either a substrate or a coating on each face, our model is close to the realistic scenario.
The interaction of the light field with an air-dielectric boundary is polarization-dependent and changes the direction of propagationk of a plane wave. Those well-known effects, described by Snell's law of refraction and Fresnel's formulas [31] , are caused by the refractive index step. At grazing incidence refraction is so severe that inside the front dielectric plate the angle between the direction of propagation and the surface normal is always significantly smaller than the corresponding angle θ in air. Therefore, it is desirable to eliminate the change of the refractive index at the physical boundary. This can be done, for example, by embedding the glass-polarizer-glass system in an indexmatched environment. As a side effect this also eliminates unwanted Imbert-Fedorov and Goos-Hänchen shifts.
It is not common for vendors to specify the behavior of polarization optics under non-normal incidence. Measurements in our laboratory using the proposed scheme indicate that the FS model is suitable to describe a tilted polarizing interface. A detailed investigation will be reported elsewhere.
Geometric Shift at a Polarizing Interface
In section 2, we described the geometric SHEL as an effect which occurs for a light beam in vacuum when the plane of observation is tilted with respect to the direction of propagation. The predicted shift depends on specific assumptions about the detection process and, therefore, cannot be easily verified. In this section, we shall show that an ideal polarizer performs an operation on a light beam that amounts to the characteristic geometric SHEL shift independent of the properties of the detection system.
As in the case of the tilted detector, we assume the incident beam to travel in direction ofk =:ẑ ′ and to have a fundamental Gaussian profile with its barycenter at x ′ = 0 and y ′ = 0, where (x ′ ,ŷ ′ ,ẑ ′ ) is the beam's natural reference frame andŷ ′ coincides withŷ (geometry as in Fig. 3) . The polarizer shall be oriented alonĝ
Using dimensionless coordinatesx = x ′ /w 0 ,ỹ = y ′ /w 0 , z = z ′ /L and r ′ = (x,ỹ,z) where w 0 denotes the beam waist and L = k w 2 0 /2 the Rayleigh length, the fundamental solution of the paraxial scalar wave equation is:
(x ′ ± iŷ ′ ) be a complex unit vector denoting left or right hand circular states of polarization. The electric field of a fundamental Gaussian beam can be written as
is the angular spread of the beam and ∇ ⊥ = (∂x, ∂ỹ) is the transverse gradient operator [32] .
To apply the FS polarizer model (12), the electric field (15) must be expressed in its angular spectrum representation E(k) and the beam after interacting with the tilted polarizing element becomes:
From the electric field distribution (16), we calculate the energy density of a light beam after passing through a tilted polarizer. The Cartesian components thereof are depicted in Fig. 4 . Unlike in section 2, in this case the evaluation is performed in the beam reference frame (x ′ ,ŷ ′ ,ẑ ′ ) whereẑ ′ =k. Decomposing the energy density barycenter y TP ED as in (3) one finds
where σ = ±1 is the helicity of the beam. Since we observe a collimated light beam in its natural reference frame after passing through a linear polarizer, the weights
) and (18a) vanish, and, consequently,
The centroid of a circularly polarized beam transmitted across a tilted polarizer is thus
and can be measured with any detector sensitive to any weighted sum of |E x ′ | 2 , |E y ′ | 2 , and |E z ′ | 2 if the weight of the first term does not vanish. Standard detectors such as photodiodes and CCD cameras certainly meet this requirement. We stress that equation (19) resembles the original result (1). The displacement introduced by the tilted polarizer
is twice the one found for the Poynting vector flux through a tilted plane of observation. Furthermore, this article gives a straightforward recipe to measure the shift. Since equation (5) from [21] is generally valid, both shifts are connected to a transverse angular momentum, which occurs when the angular momentum calculated in the local frame attached to the light beam is projected upon a global frame tilted with respect to the former. For the geometric SHEL (occurring at a tilted detector), the projection is implicitly given by the definition of intensity as the flux S z = S ·ẑ of the Poynting vector across the detector surface. Conversely, in the case of the tilted polarizing interface, as described in this section, the projection is caused by the polarizer. Therefore, we can conclude that both shifts arise because of the projection of the intrinsic longitudinal angular momentum of a circularly polarized light beam onto a tilted reference frame. We remind the reader that beyond those geometric projections, no physical interaction occurs.
Conclusion
First, the original geometric Spin Hall Effect of Light, as described by Aiello et al., was illustrated using an explicit decomposition of a light beam's energy density in a tilted reference frame. We showed that in order to observe this effect, which occurs in vacuum and amounts to a polarization-dependent shift, a suitably tailored detection system is required.
Then, a novel type of geometric SHEL occurring at a polarizing interface was introduced. To this end, we discussed a theoretical model for an ideal polarizer and suggested an experimental implementation thereof. The light field of a collimated laser beam transmitted across such a polarizer was evaluated. In the case of the polarizing interface being tilted with respect to the direction of propagation, a beam displacement resembling the original geometric SHEL was found. This shift does not depend on the detection process and can be measured in a straightforward way by using the scheme proposed in this article.
The effect derived in our work is unavoidable when a circularly polarized light beam passes through a polarizing interface tilted with respect to the direction of propagation. This underlines the importance of the geometric SHEL as polarization is a fundamental property of the light field and numerous optical devices are polarization-dependent. The final publication is available at www.springerlink.com.
